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Evaluating the Wigner function of quantum states in the entangled state representation is intro-
duced, based on which we present a new approach for deriving time evolution formula of Wigner
function in laser process. Application of this fomula to calculating time evolution of photon number
is also presented, as an example, the case when the initial state is photon-added coherent state is
discussed.
I. INTRODUCTION
One of the major topics in Quantum Statistical Me-
chanics is the evolution of pure states into mixed states
[1, 2]. Such evolution usually happens when a system is
immersed in a thermal environment, or a signal (a quan-
tum state) passes through a quantum channel, and is
described by a master equation. Alternately, descrip-
tion of evolution of density matrices ρ can be replaced
by its Wigner function’s evolution in phase space [3, 4].
The partial negativity of Wigner function can be consid-
ered as an indicator of nonclassicality of quantum state.
On the basis of the entangled state representation and
the thermo field dynamics we present a new approach
for deriving time evolution formula of Wigner function
in amplitude-damping channel and laser process. Ap-
plication of this fomula to calculating time evolution of
photon number is also presented, as an example, the case
when the initial state is photon-added coherent state is
discussed.
II. WIGNER FUNCTION FORMULA IN
THERMO ENTANGLED STATE
REPRESENTATION
We begin with briefly reviewing the thermo entangled
state representation (TESR). On the basis of Umezawa-
Takahash thermo field dynamcs (TFD) [5, 6, 7] we have
constructed the TESR in doubled Fock space [8, 9],
|η〉 = exp
[
−1
2
|η|2 + ηa† − η∗a˜† + a†a˜†
] ∣∣0, 0˜〉 , (1)
or
|η〉 = D (η) |η = 0〉 , D (η) = eηa†−η∗a, (2)
whereD (η) is the displacement operator, a˜† is a fictitious
mode accompanying the real photon creation operator a†,∣∣0, 0˜〉 = |0〉 ∣∣0˜〉 , and ∣∣0˜〉 is annihilated by a˜, [a˜, a˜†] = 1.
Operating a and a˜ on |η〉 in Eq.(1) we obtain the eigen-
equations of |η〉,
(a− a˜†) |η〉 = η |η〉 , (a† − a˜) |η〉 = η∗ |η〉 ,
〈η| (a† − a˜) = η∗ 〈η| , 〈η| (a− a˜†) = η 〈η| . (3)
Note that
[
(a− a˜†), (a† − a˜)] = 0, thus |η〉 is the
common eigenvector of (a − a˜†) and (a˜ − a†). Us-
ing the normally ordered form of vacuum projector∣∣0, 0˜〉 〈0, 0˜∣∣ =: exp (−a†a− a˜†a˜) : , and the technique of
integration within an ordered product (IWOP) of opera-
tors [10, 11, 12], we can easily prove that |η〉 is complete
and orthonormal,
∫
d2η
pi
|η〉 〈η| = 1, 〈η′ |η〉 = piδ (η′ − η) δ (η′∗ − η∗) .
(4)
It is easily seen that |η = 0〉 has the properties
|η = 0〉 = ea†a˜† ∣∣0, 0˜〉 = ∞∑
n=0
|n, n˜〉 , (5)
and
a |η = 0〉 = a˜† |η = 0〉 ,
a† |η = 0〉 = a˜ |η = 0〉 , (6)(
a†a
)n |η = 0〉 = (a˜†a˜)n |η = 0〉 .
Note that density operators ρ(a†,a) are defined in the
real space which are commutative with operators (a˜†,a˜)
in the tilde space.
Next, we shall derive a new expression of Wigner func-
tion in the TESR. According to the definition of Wigner
function [13, 14] of density operator ρ,
W (α) = Tr [∆ (α) ρ] , (7)
where ∆ (α) is the single-mode Wigner operator [13],
whose explicit form is
∆ (α) =
1
pi
: e−2(a
†−α∗)(a−α) : =
1
pi
D (2α) (−1)a†a. (8)
2By using 〈n˜| m˜〉 = δn,m and introducing |ρ〉 ≡ ρ |I〉 we
can reform Eq.(7) as
W (α) =
∞∑
m,n
〈n, n˜|∆(α) ρ |m, m˜〉
=
1
pi
〈η = 0|D (2α) (−1)a†a |ρ〉
=
1
pi
〈η = −2α| (−1)a†a |ρ〉
=
1
pi
〈ξ = 2α| ρ〉 , (9)
where |ξ〉 is defined as
|ξ〉ξ=η = (−1)a
†a |η = −ξ〉
= exp
(
−1
2
|ξ|2 + ξa† + ξ∗a˜† − a†a˜†
) ∣∣0, 0˜〉
= D (ξ) e−a
†a˜†
∣∣0, 0˜〉 . (10)
It can be proved that
〈η| ξ〉 = 1
2
exp
(
ξη∗ − ξ∗η
2
)
, (11)
a Fourier transformation kernel, so |ξ〉 can be considered
the conjugate state of |η〉 , which also possess orthonor-
mal and complete properties∫
d2ξ
pi
|ξ〉 〈ξ| = 1, 〈ξ′ |ξ〉 = piδ (ξ′ − ξ) δ (ξ′∗ − ξ∗) .
(12)
Eq.(9) is just a new formula for evaluating the Wigner
function of quantum states: by calculating the overlap
between two “pure states” in enlarged Fock space rather
than using the ensemble average in real mode space.
For example, for number state |n〉 〈n| , noticing
|n〉 〈n| I〉 = |n, n˜〉, and the generating function of two-
variable Hermite polynomial [15, 16] Hm,n (x, y),
∞∑
m,n
tmt′n
m!n!
Hm,n (x, y) = exp [−tt′ + tx+ t′y] , (13)
we see
W|n〉〈n| (α) =
1
pi
〈n, n˜| ξ=2α〉 = 1
n!pi
e−
1
2 |ξ|2Hn,n (ξ, ξ∗)
=
(−1)n
pi
e−2|α|
2
Ln
(
4|α|2) , (14)
in the last step in Eq.(14) we have used the relation be-
tween Hm,n (x, y) and Laguerre polynomial Lm (x) [17],
Ln (xy) =
(−1)n
n!
Hn,n (x, y) . (15)
Similarly, for coherent state |z〉 〈z| (|z〉 = exp(− |z|2 /2+
za†) |0〉) [18, 19], due to |z〉 〈z| I〉 = D (z) D˜ (z∗)
∣∣00˜〉 =
|z, z˜∗〉 , we have
W|z〉〈z| (α) =
1
pi
〈
0, 0˜
∣∣ exp (−2|α|2 + 2α∗a† + 2αa˜− aa˜) |z, z˜∗〉
=
1
pi
exp
[
−2 |α− z|2
]
. (16)
Further, using Eq.(11) and the completeness of 〈η| in
Eq.(4), we can reform Eq.(9) as
W (α) =
∫
d2η
pi2
〈ξ = 2α| η〉 〈η| ρ〉 =
∫
d2η
2pi2
eα
∗η−αη∗ 〈η| ρ〉 .
(17)
Once 〈η| ρ〉 is known, one can calculate the Wigner func-
tion by taking the Fourier transform of 〈η| ρ〉. Eqs. (9)
and (13) are two ways accessing to Wigner function, we
can use either one to derive Wigner functions.
III. EVOLUTION FORMULA OF WIGNER
FUNCTION FOR AMPLITUDE DAMPING
CHANNEL
In this section, we consider Wigner function’s time evo-
lution in the amplitude decay channel (dissipation in a
lossy cavity) described by the following master equation
[20]
dρ
dt
= κ
(
2aρa† − a†aρ− ρa†a) , (18)
where κ is the rate of decay. In Ref. [21] we have re-
formed (18) as
d
dt
|ρ〉 = κ (2aa˜− a†a− a˜†a˜) |ρ〉 , (19)
thus the formal solution of Eq.(19) is
|ρ (t)〉 = eκt(aa˜−a˜†a†+1)e(1−e2κt)(a†−a˜)(a−a˜†)/2 |ρ0〉 .
(20)
Then projecting Eq.(20) on 〈η|, and noticing
exp
[
κt
(
aa˜− a˜†a†)] being the two-mode squeezing
operator,
〈η| exp [κt (aa˜− a˜†a†)] = e−κt 〈ηe−κt∣∣ , (21)
as well as Eq.(3), we obtain
〈η |ρ (t)〉 = e− 12T |η|2 〈ηe−κt∣∣ ρ0〉 , (22)
where T = 1− e−2κt. Substituting Eq.(22) into Eq.(17),
we derive the Wigner function at time t
W (α, t) =
∫
d2η
2pi2
eα
∗η−αη∗− 12T |η|2
〈
ηe−κt
∣∣ ρ0〉 . (23)
Inserting the completeness relation (12) into Eq.(23) and
noticing Eqs.(9) as well as (11), we can reform Eq.(23)
3as
W (α, t) =
∫
d2ξ′
pi
∫
d2η
2pi2
e−
1
2T |η|2
〈
ηe−κt |ξ′〉 〈ξ′| ρ0〉
=
∫
d2βd2η
pi2
e−
T
2 |η|2+η(α∗−β∗e−κt)+η∗(βe−κt−α)W (β, 0)
=
2
T
∫
d2β
pi
exp
[
− 2
T
∣∣α− βe−κt∣∣2]W (β, 0)
(24)
whereW (β, 0) is the Wigner function at initial time, and
we have used the following integral formula [17]∫
d2z
pi
exp
(
ζ |z|2 + ξz + ηz∗
)
= −1
ζ
e−
ξη
ζ ,Re (ζ) < 0.
(25)
Eq.(24) is the expression of time evolution of Wigner
function for amplitude damping channel.
For example, for the photon-added coherent state
Cma
†m |z〉, where Cm = [m!Lm(− |z|2)]−1 is the nor-
malization factor, the initial Wigner function W (β, 0)
is given by [22]
W (β, 0) =
(−1)m e−2|β−z|2
piLm(− |z|2)
Lm(|2β − z|2). (26)
Substituting Eq.(26) into Eq.(24) and using Eq.(15) as
well as the another generating function of Hm,n (x, y) ,
Hm,n (x, y) =
∂m+n
∂τm∂τ ′n
exp [−ττ ′ + τx+ τ ′y]
∣∣∣∣
τ=τ ′=0
,
(27)
we have
W (α, t) =
2
T
e−2(|z|
2+ 1
T
|α|2)
pim!Lm(− |z|2)
∂2m
∂τm∂τ ′m
e−ττ
′−τz−z∗τ ′
∫
d2β
pi
exp
[
− 2
T
|β|2 + 2β
(
z∗ +
α∗
T
e−tκ + τ
)
+2β∗
(
z +
α
T
e−tκ + τ ′
)]
τ=τ ′=0
=
e−2|α−ze−κt|
2
pim!Lm(− |z|2)
∂2m
∂τm∂τ ′m
exp
[(
1− 2e−2tκ) ττ ′
+
[(
1− 2e−2tκ) z + 2αe−tκ] τ
+
[(
1− 2e−2tκ) z∗ + 2α∗e−tκ] τ ′]
τ=τ ′=0
. (28)
With use of a scaled transformation in the right-hand
part of Eq.(28) we finally get
W (α, t) =
(
1− 2e−2κt)m
piLm(− |z|2)
e−2|α−ze−κt|
2
× Lm
[
−
∣∣2αe−κt + z (1− 2e−2κt)∣∣2
1− 2e−2κt
]
, (29)
which is the analytical expression of the time evolution
of Wigner function for any number (m) photon-added
coherent state in photon loss channel [23]. In particular,
when t = 0, Eq.(29) just reduce to Eq.(26).
IV. EVOLUTION FORMULA OF WIGNER
FUNCTION FOR LASER PROCESS
We now generalize the master equation to the case of
Laser theory. The mechanism of laser is described by the
following master equation
dρ (t)
dt
= g
[
2a†ρ (t) a− aa†ρ (t)− ρ (t) aa†]
+ κ
[
2aρ (t) a† − a†aρ (t)− ρ (t) a†a] , (30)
where g and κ are the cavity gain and the loss, respec-
tively. Eq.(30) reduces to Eq.(18) when g = 0; while for
g → κn¯ and κ→ κ (n¯+ 1) , Eq.(30) becomes
dρ
dt
= κ (n¯+ 1)
(
2aρa† − a†aρ− ρa†a)
+ κn¯
(
2a†ρa− aa†ρ− ρaa†) , (31)
which corresponds to the master equation in thermal en-
vironment [20].
Similar to the way of deriving Eq.(22), we have derived
in Ref. [21]
|ρ (t)〉 = exp [(aa˜− a˜†a† + 1) (κ− g) t]
× exp
[
(κ+ g)
(
1− e2(κ−g)t)
2 (κ− g)
(
a† − a˜) (a− a˜†)
]
|ρ0〉 .
(32)
Thus the matrix element 〈η| ρ (t)〉 is given by
〈η| ρ (t)〉 = exp
[
−A
2
|η|2
] 〈
ηe−(κ−g)t
∣∣∣ ρ0〉 , (33)
where
A =
κ+ g
κ− g
(
1− e−2(κ−g)t
)
. (34)
According to Eq.(13) the Wigner function’s evolution for
Laser process is given by
W (α, t)
=
∫
d2η
2pi2
e−
A
2 |η|2+α∗η−αη∗
〈
ηe−(κ−g)t
∣∣∣ ρ0〉
=
∫
d2ξd2η
2pi2
e−
A
2 |η|2+α∗η−αη∗
〈
ηe−(κ−g)t |ξ=2β〉W (β, 0)
=
∫
d2ξd2η
pi2
e−
A
2 |η|2+η(α∗−β∗e−(κ−g)t)+η∗(βe−(κ−g)t−α)W (β, 0)
=
2
A
∫
d2β
pi
exp
[
− 2
A
∣∣∣α− βe−(κ−g)t∣∣∣2]W (β, 0) , (35)
where we have used Eq.(25). In particular, when g =
0, Eq.(35) reduces to Eq.(24). For g → κn¯ and κ →
κ (n¯+ 1), leading to A = (2n¯+ 1)T, Eq.(35) becomes
W (α, t) =
2
(2n¯+ 1)T
∫
d2β
pi
W (β, 0) e−2
|α−βe−κt|2
(2n¯+1)T ,
(36)
4or
W (α, t) = 2e2κt
∫
d2βWT (β)W
(
eκt(α−
√
Tβ), 0
)
,
(37)
whereWT (β) =
1
pi(2n¯+1)e
− 2|β|22n¯+1 is the Wigner function of
the thermal state with mean photon number n¯.
Similar to the way of deriving Eq.(29), when the initial
state is Cma
†m |z〉 , substituting Eq.(26) into Eq.(35) we
have
W (β, β∗, t) =
e−C−2|β|
2
piLm(− |z|2)
Am
(2n¯T + 1)
× [(n¯+ 1)T ]
m
(n¯T + 1)m
Lm
(
−|B|
2
A
)
, (38)
where
A = 1− e
−2κt/T
(2T n¯+ 1) (n¯+ 1)
,
B =
√
(n¯+ 1)T
n¯T + 1
z∗ +
√
n¯T + 1e−κt
(
2β∗ − z∗e−κtn¯T+1
)
(2n¯T + 1)
√
(n¯+ 1)T
,
C =
1
2n¯T + 1
(
3n¯T + 2
T n¯+ 1
∣∣ze−κt∣∣2 + 4T 2n¯2 |β|2)
− 2e
−κt (T n¯+ 1)
2n¯T + 1
(zβ∗ + βz∗) . (39)
In particular, when n¯ = 0, leading to A = 1−2e
−2tκ
T , B =
1√
T
((
1− 2e−2κt) z∗ + 2e−κtβ∗) , and −C − 2 |β|2 =
−2 |β − ze−tκ|2 , thus Eq.(39) reduces to Eq.(29).
Eq.(38) manifestly shows that the Wigner function
of Cma
†m |z〉 in thermal environment is closely related
to the Laguerre polynomials. In addition, due to
Lm
(
− |x|2
)
> 0, so Cm > 0, thus it is easily seen that
when A > 0, which means the condition
κt > κtc =
1
2
ln
2 (n¯+ 1)
2n¯+ 1
, (40)
the Wigner function (38) is always positive-definite.
Thus we emphasize that for any values of m, when the
condition (40) is satisfied, the Wigner function has no
chance to be negative.
V. TIME EVOLUTION OF PHOTON NUMBER
FOR THE LASER PROCESS
Next we consider the photon number (PN) of density
operator ρ for the laser process. According to the TFD,
we can reform the PN p (n) = 〈n| ρ |n〉 as
p (n) = 〈n| ρ |n〉 =
∞∑
m=0
〈n, n˜| ρ |m, m˜〉
= 〈n, n˜| ρ |I〉 = 〈n, n˜| ρ〉 , (41)
thus the PN is converted to the matrix element 〈n, n˜| ρ〉
in thermo dynamics frame. Then using the completeness
of 〈ξ| and Eq.(9) as well as Eq.(14), we see
p (n) =
∫
d2ξ
pi
〈n, n˜| ξ〉 〈ξ| ρ〉
=
∫
d2ξ 〈n, n˜| ξ〉W (α = ξ/2)
= 4pi
∫
d2αW|n〉〈n| (α)W (α) , (42)
one can see this formula also in [1, 24]. Thus one can
calculate the PN by combining Eq.(35) and (42).
Now we evaluate the PN of the above decoherence
model in Eq.(30). Substituting Eq.(35) into Eq.(42), we
see
p (n) =
8
A
∫
d2βW (β, 0)G (β) , (43)
where
G (β) ≡
∫
d2αW|n〉〈n| (α) e
− 2
A |α−βe−(κ−g)t|2−2|α|2
= (−1)n
∫
d2α
pi
Ln
(
4 |α|2
)
e−
2
A |α−βe−(κ−g)t|2−2|α|2 .
(44)
Using Eqs.(25) and (27) we can evaluate Eq.(44) as
G (β) =
1
n!
∂n+n
∂τn∂τ ′n
e−ττ
′− 2
A
|β|2e−2(κ−g)t
∫
d2α
pi
× exp
[
−2A+ 1
A
|α|2 + 2α
(
τ +
β∗
Ae(κ−g)t
)
+2α∗
(
τ ′ +
β
Ae(κ−g)t
)]
τ=τ ′=0
=
Ae−
2e−2(κ−g)t
A+1 |β|2
2 (A+ 1)n!
∂n+n
∂τn∂τ ′n
exp
[
−1−A
1 +A
τ ′τ
+
2β∗e−(κ−g)t
A+ 1
τ ′ + τ
2βe−(κ−g)t
A+ 1
]
τ=τ ′=0
. (45)
After making some scaled transformations, we finally ob-
tain
G (β) =
A (A− 1)n
2 (1 +A)
n+1
n!
e−
2e−2(κ−g)t
A+1 |β|2
× ∂
n+n
∂τn∂τ ′n
e
−τ ′τ+ 2β∗e−(κ−g)t√
1−A2
τ ′+τ 2βe
−(κ−g)t√
1−A2
∣∣∣∣∣
τ=τ ′=0
=
A (A− 1)n
2 (1 +A)
n+1 e
− 2e−2(κ−g)t
A+1 |β|2Ln
(
4 |β|2 e−2(κ−g)t
1−A2
)
.
(46)
Substituting Eq.(46) into Eq.(43) yields
p (n) =
4 (A− 1)n
(A+ 1)n+1
∫
d2βe−
2e−2(κ−g)t
A+1 |β|2
× Ln
{
4e−2(κ−g)t
1−A2 |β|
2
}
W (β, 0) , (47)
5which is a new formula for calculating the photon number
distribution of the open system in enviornment. From
Eq.(47) it is easily seen that once the Wigner function of
initial state is known, one can obtain its photon number
distribution by performing the integration in Eq.(47).
In particular, when g = 0, A = 1− e−2κt = T, Eq.(47)
reduces to
p (n) =
4(−1)ne2κt
(2e2κt − 1)n+1
∫
d2βe
− 2
2e2κt−1
|β|2
× Ln
{
4e2κt
2e2κt − 1 |β|
2
}
W (β, 0) , (48)
which corresponds to the photon number of density op-
erator in the amplitude damping quantum channel.
While for g → κn¯ and κ → κ (n¯+ 1), , Eq.(47) be-
comes to
p (n) =
4 (A− 1)n
(A+ 1)n+1
∫
d2βe−
2e−2κt
A+1 |β|2
× Ln
{
4e−2κt
1−A2 |β|
2
}
W (β, 0) , (49)
where A = (2n¯+ 1)T = (2n¯+ 1) (1− e−2κt) . Eq.(49)
corresponds to the photon number of system interacting
with thermal bath.
For example, we still consider the photon-added co-
herent state field. Substituting Eq.(26) into Eq.(47) and
uisng Eqs.(25) and (27) yields
p (n) = Ne−2|z|
2
∫
d2β
pi
Lm(|2β − z|2)Ln
{
4e−2(κ−g)t
1−A2 |β|
2
}
× exp
[
2 (zβ∗ + βz∗)− 2
(
1 +
e−2(κ−g)t
A+ 1
)
|β|2
]
=
Ne−2|z|
2
(−1)m+n
m!n!
∂2m
∂υm∂υ′m
∂2n
∂τn∂τ ′n
e−υυ
′−z∗υ′
× e−zυ−ττ ′
∫
d2β
pi
exp
[
−2µ |β|2 + 2 (στ + z∗ + υ)β
+2 (στ ′ + z + υ′)β∗]υ=υ′=τ=τ ′=0
=
N (−1)m+n
2µm!n!
e
2−2µ
µ
|z|2 ∂2m
∂υm∂υ′m
∂2n
∂τn∂τ ′n
× exp [ωυυ′ + (λσ − 1) ττ ′ + λ (τυ′ + υτ ′)
+ω (z∗υ′ + zυ) + λ (zτ + z∗τ ′)]υ=υ′=τ=τ ′=0 , (50)
where we have set
ω =
2− µ
µ
, λ =
2σ
µ
, σ =
e−(κ−g)t√
1−A2 , (51)
and
N =
4 (A− 1)n
(A+ 1)
n+1
(−1)m
Lm(− |z|2)
, µ = 1 +
e−2(κ−g)t
A+ 1
. (52)
Further expanding the exponential item
exp [ωυυ′ + (λσ − 1) ττ ′] , we finally obtain
p (n) =
Nλ2ne
2−2µ
µ
|z|2
2µ (−ω)n−m
m,n∑
l,k=0
m!n!
[
ω (λσ − 1) /λ2]k
l!k! [(m− l)! (n− k)!]2
× ∣∣Hm−l,n−k (i√ωz, i√ωz∗)∣∣2 . (53)
In particular, when g = 0, leading to A = ω = T, σ =
e−κt√
1−T 2 , µ =
2
2−e−2κt , λσ = 1, and λ =
√
1 + T , thus
p (n) =
m!
n!
(1− ω)n
Lm(− |z|2)
m∑
l=0
ωm−ne−e
−2tκ|z|2
l! [(m− l)!]2
× ∣∣Hm−l,n (i√ωz, i√ωz∗)∣∣2 , (54)
which concides with Eq.(43) with idea detection effi-
ciency in Ref. [23].
In sum, by virtue of the thermo entangled state rep-
resentation that has a fictitious mode as a counterpart
mode of the system mode, we have derived the relation
between the Wigner functions at t time and the initial
time when quantum system interacts with envoirnment,
such as decoherence, damping and amplification. As an-
other quantity describing quantum system, the formula
of photon number distribution has also been derived,
which can be evaluated by performing an integration for
the initial Wigner function. Our deriviations seem more
concise.
ACKNOWLEDGEMENT:Work supported by the
National Natural Science Foundation of China under
grants: 10775097 and 10874174.
[1] W. H. Louisell, Quantum Statistical Properties of Radia-
tion (Wiley, New York, 1973).
[2] H. J. Carmichael, Statistical Methods in Quantum Op-
tics 1: Master Equations and Fokker-Planck Equations,
Springer-Verlag, Berlin, 1999; H. J. Carmichael, Statisti-
cal Methods in Quantum Optics 2: Non-Classical Fields,
(Springer-Verlag, Berlin, 2008).
[3] Wolfgang P. Schleich, Quantum Optics in Phase Space,
(Wiley-VCH, Birlin, 2001).
[4] M. Hillery, R. F. O’Connell, M. O. Scully and E. P.
Wigner, Phys. Rep. 106, (1984) 121.
[5] Memorial Issue for H. Umezawa, Int. J. Mod. Phys. B
10, (1996) 1695 memorial issue and references therein.
[6] H. Umezawa, Advanced Field Theory – Micro, Macro,
and Thermal Physics (AIP 1993)
[7] Y. Takahashi and H. Umezawa, Collecive Phenomena 2,
(1975) 55.
[8] Hong-yi Fan and Yue Fan, Phys. Lett. A 246, (1998) 242;
6ibid, 282, (2001) 269.
[9] Hong-yi Fan and Yue Fan, J. Phys. A 35, (2002) 6873;
Hong-yi Fan and Hai-liang Lu, Mod. Phys. Lett. B, 21,
(2007) 183.
[10] Hong-yi Fan, Hai-liang Lu and Yue Fan, Ann. Phys. 321,
(2006) 480.
[11] Hong-yi Fan, H. R. Zaidi and J. R. Klauder, Phys. Rev.
D 35, (1987) 1831.
[12] A. Wu¨nsche, J. Opt. B: Quantum Semiclass. Opt. 1,
(1999) R11.
[13] E. P. Wigner, Phys. Rev. 40, (1932) 749
[14] G. S. Agarwal and E. Wolf, Phys. Rev. D 2, (1970) 2161;
R. F. O’Connell and E. P. Wigner, Phys. Lett. A 83,
(1981) 145.
[15] A. Wu¨nsche, J. Computational and Appl. Math. 133
(2001) 665.
[16] A. Wu¨nsche, J . Phys. A: Math. and Gen. 33 (2000)
1603.
[17] R. R. Puri, Mathematical Methods of Quantum Optics
(Springer-Verlag, Berlin, 2001), Appendix A.
[18] R. J. Glauber, Phys. Rev. 130, (1963) 2529; Phys. Rev.
131, (1963) 2766.
[19] J. R. Klauder and B. S. Skargerstam, Coherent States,
(World Scientific, Singapore, 1985).
[20] C. Gardiner and P. Zoller, Quantum Noise (Springer
Berlin, 2000).
[21] Hong-yi Fan and Li-yun Hu, Opt. Commun. 282, (2009)
932; 281, (2008) 5571.
[22] G. S. Agarwal and K. Tara, Phys. Rev. A 43, (1991) 492.
[23] Li-yun Hu and Hong-yi Fan, Phys. Scr. 79, (2009)
035004.
[24] Hong-yi Fan and Li-yun Hu, Opt. Lett. 33, (2008) 443.
